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Abstract. The non-zero mass of neutrinos suppresses the growth of cosmic structure on small
scales. Since the level of suppression depends on the sum of the masses of the three active
neutrino species, the evolution of large-scale structure is a promising tool to constrain the
total mass of neutrinos and possibly shed light on the mass hierarchy. In this work, we investi-
gate these effects via a large suite of N -body simulations that include massive neutrinos using
an analytic linear-response approximation: the Cosmological Massive Neutrino Simulations
(MassiveNuS). The simulations include the effects of radiation on the background expansion,
as well as the clustering of neutrinos in response to the nonlinear dark matter evolution.
We allow three cosmological parameters to vary: the neutrino mass sum Mν in the range of
0–0.6 eV, the total matter density Ωm, and the primordial power spectrum amplitude As.
The rms density fluctuation in spheres of 8 comoving Mpc/h (σ8) is a derived parameter as
a result. Our data products include N -body snapshots, halo catalogues, merger trees, ray-
traced galaxy lensing convergence maps for four source redshift planes between zs=1–2.5,
and ray-traced cosmic microwave background lensing convergence maps. We describe the
simulation procedures and code validation in this paper. The data are publicly available at
http://columbialensing.org.
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1 Introduction
Neutrino masses (mν) are now known to be non-zero via the discovery of oscillations between
the flavor eigenstates [1–3], a discovery of physics beyond the standard model of particle
physics. Currently, only the differences between the squared masses of the three neutrino
species are known: ∆m221 ≡ m22 − m21 = 7.37+0.60−0.44 × 10−5 eV2 and |∆m2| ≡ |m23 − (m21 +
m22)/2| = 2.5+0.13−0.13×10−3 eV2 from oscillation experiments [4] (99.73% CL, normal hierarchy).
Because the sign of ∆m2 is unknown, there are two possible ways of ranking the three neutrino
masses: the “normal” hierarchy where m1 < m2 < m3 or the “inverted” hierarchy where
m3 < m1 < m2, with a minimum summed mass Mν ≡
∑
imi ≈ 0.06 eV and Mν ≈ 0.1 eV,
respectively. The sum of the neutrino masses is, however, hard to determine using particle
physics experiments, such as KATRIN [5] and Project 8 [6], which are only sensitive to the
mass of the lightest neutrino.
Massive neutrinos change the expansion history and growth of structure in the uni-
verse (for recent reviews, see [7, 8]). First, neutrinos of mass less than a few eV remain
relativistic and behave like radiation at the time of matter-radiation equality, but are non-
relativistic and behave like matter now. Therefore, for a fixed present-day matter density,
Ωm=Ωc+Ωb+Ων , massive neutrinos move the matter-radiation equality epoch to a later time,
hence delaying the onset of linear growth. Here, Ωc is the density of the cold dark mat-
ter (CDM) component, Ωb is the baryon density, and Ων is the density of massive neutrinos,
all in units of the critical density.
Second, neutrinos with small masses have large thermal velocities, and can stream out
of CDM potential wells freely, suppressing the growth of structure below a certain scale. This
scale is approximately equal to the Hubble radius when neutrinos are relativistic. When neu-
trinos become non-relativistic, at redshift znr ≈ mνc2/kBTν,0, the scale is where gravitational
instability overcomes the thermal pressure of neutrinos (i.e., the neutrino Jeans scale). Here,
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c is the speed of light, kB is the Boltzmann constant, and Tν,0 = 1.95 K is the temperature of
cosmic neutrinos today (assuming a standard thermal history). For ≈ 0.1 eV neutrinos, for
example, znr ≈ 600 and the free-streaming scale is around 110 Mpc today. Due to neutrino
free-streaming, the suppression is more prominent at smaller scales, where nonlinear growth
dominates.
Because of these effects, observations of large-scale structure and its evolution can con-
strain the total mass of neutrinos. In the case of a mass sum < 0.1 eV, such observations
can also constrain the neutrino mass hierarchy. Cosmological constraints on the neutrino
mass sum (Mν) are quickly approaching the lower limit implied by neutrino oscillation data.
For example, the Planck team obtained an upper limit of Mν < 0.23 eV [9] (95% CL) us-
ing primary cosmic microwave background (CMB) temperature data, combined with low-`
polarization, CMB lensing, type Ia supernovae [10], and baryon acoustic oscillation measure-
ments [11–13]. Ref. [14] found a tighter constraint of Mν < 0.15 eV by combining Lyα forest
data from the Baryon Oscillation Spectroscopic Survey of the Sloan Digital Sky Survey and
2013 Planck data [15]. Data from upcoming large cosmological surveys, such as the Large
Synoptic Survey Telescope (LSST)1, Wide-Field Infrared Survey Telescope (WFIRST)2, Eu-
clid3, Simons Observatory4, and CMB-S45 will provide high-precision measurements of the
matter density field. In order to obtain a significant detection, for which an uncertainty of
σ(Mν) ≈ 0.01 eV is desired, accurate modeling of neutrino effects on the matter density field
is critical.
On large scales, k . 0.2 h/Mpc, where k is the wavenumber in Fourier space, matter
fluctuations evolve linearly or quasi-linearly. In this regime, the matter power spectrum P (k)
can be modeled analytically (e.g., [16–19]). On small scales, gravitational interactions lead
to nonlinear evolution of perturbations. Therefore high-resolution N -body simulations must
be utilized to model P (k). The Halofit formalism [20–26], based on the “halo model” [27,
28] and calibrated against numerical simulations, has been widely used to provide a fitting
function for the matter power spectrum in the nonlinear regime. Alternatively, a series of
papers dubbed the “Coyote Universe” developed a prediction scheme called the “emulator”,
based on interpolating the measured P (k) from a large number of simulations with various
resolutions and cosmological models. The emulator reached percent-level accuracy out to
k ≈ 10/Mpc and z = 4 for wCDM cosmologies [29–32]. However, among all these efforts,
only [22] included massive neutrino particles in their simulation, and with only 3 different
neutrino masses (0.15, 0.3 and 0.6 eV). Our work has a much denser sampling of neutrino
masses, and hence is suitable to study the nonlinear effects of massive neutrinos as well as
their degeneracy with other cosmological parameters.
In this paper, we present a suite of 101 N -body simulations—“MassiveNuS” (Cosmo-
logical Massive Neutrino Simulations). The effect of massive neutrinos is included following
[33, 34, hereafter AB13, B17]. Our method extends that of Ref. [35], who had the insight
that neutrinos are still perturbative, even at late times. However, they used the linear neu-
trino power spectrum, neglecting the clustering arising from the nonlinear CDM potential,
and were thus only able to describe the effects of neutrinos accurately in the quasi-linear
regime [36]. In our simulations, neutrinos are evolved perturbatively, but clustering under
1http://www.lsst.org
2http://wfirst.gsfc.nasa.gov
3http://sci.esa.int/euclid
4http://www.simonsobservatory.org
5https://cmb-s4.org
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the influence of the nonlinear CDM potential. Hence it is a linear response method. Other
methods, such as the ones treating neutrinos as a separate particle species, a fluid component,
or a “Hybrid” form, are discussed in detail in section 3.
We vary three cosmological parameters: Mν , Ωm, and As. While our single resolution
(512 Mpc/h box size and 10243 particles) does not allow us to calibrate P (k) over a wide
range of scales, the relative effects of massive versus massless neutrinos are well-captured up
to k = 10h/Mpc and between redshifts z = 0–45. For each cosmological model, we produce
a range of data products, including the simulation snapshots, halo catalogues, merger trees,
galaxy weak lensing convergence maps for four source redshifts between zs = 1.0–2.5, and
CMB lensing convergence maps with zs = 1100. Our simulations can be used as a baseline
to study various effects due to massive neutrinos.
This paper is organized as follows. We first describe the parameter sampling using the
Latin Hyper-Cube scheme in section 2. We then describe in section 3 the N -body simulations,
which use the public code Gadget-2 with a neutrino patch (AB13, B17). This method
allows us to compute the effect of neutrinos at relatively small additional computational
cost, as compared to the large computational overhead required by particle-based neutrino
simulations. We present matter power spectra in section 4 and the halo catalogues and merger
trees in section 5. In section 6, we describe the ray-tracing procedure used to produce lensing
convergence maps for both galaxy weak lensing and CMB lensing. Finally, we summarize
our conclusions in section 7.
2 Parameter sampling
In total, we produce 100 massive neutrino models, with three varying parameters:
(1) Mν : the total mass of massive neutrinos,
(2) Ωm = Ωc + Ωb + Ων : the matter density today,
6 and
(3) As: the primordial curvature power spectrum at the pivot scale k0=0.05 Mpc
−1.
We assume a flat universe, where Ωm + ΩΛ = 1, and fix the Hubble parameter h=0.7,
primordial scalar spectrum power-law index ns=0.97, baryon density Ωb=0.046, and dark
energy equation of state w=−1. The commonly used late-time parameter σ8 — the rms
matter fluctuation in 8 Mpc/h spheres today in linear theory — is a derived parameter for
each model.
We assume the normal hierarchy (m1 < m2 < m3), in order to reach the minimal mass
sum Mν,min ≈ 0.06 eV. For a fixed Mν , the three neutrino masses can be obtained by solving
the three equations, 7
m1 +m2 +m3 = Mν (2.1)
m22 −m21 = ∆m221 = 7.37× 10−5 eV (2.2)
m23 −
m22 +m
2
1
2
= ∆m2 = 2.5× 10−3 eV (normal hierarchy), (2.3)
where we used the mass square differences from the 2016 Particle Data Group review [4].
6We note that our definition of Ωm includes the massive neutrinos. This definition is used in, for example,
the Planck data analysis and the Boltzmann code CAMB. Some other analysis tools, for example the python
package astropy, define Ωm to be Ωc + Ωb only.
7Numerically, by setting ∆m221  1, the equations can be solved iteratively: Σ12 = m1 + m2 = 43Mν −
2
3
(M2ν + 3∆m+
3
4
∆m221/Σ
2
12)
1
2 . The resulting mass splitting is: m1 = 0.5(Σ12 −∆m221/Σ12), m2 = 0.5(Σ12 +
∆m221/Σ12) and m3 = Mν − Σ12.
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To maximize the efficiency of sampling our multidimensional parameter space, we use
the Latin hypercube method, following the Coyote II paper [30]. The goal is to spread out the
points within our boundaries as evenly as possible. To do this, first imagine a cube of length
1 on each side. We then distribute 100 equally spaced points along the line connecting the
[0,0,0] and [1,1,1] corners. Next, we pick 2 random points [xi, xj ] and 1 random coordinate
d ∈ [1,2,3], and swap their coordinate in d, i.e. xdi ↔ xdj . For the new design D after each
swap, we evaluate the cost function,
C(D) = 2D
1
2
N(N − 1)
N∑
i=0
N∑
j=i+1
1
|xi − xj | . (2.4)
where D is the dimension of the parameter space and N is the number of sampling points (in
this work, D = 3 and N = 100). We repeat this process and accept the swap only if the new
cost C is smaller than before, for 104 iterations. We use the implementation of this algorithm
in the public python package LensTools [37].8
We then use inverse transform sampling to convert the uniformly sampled points into
normal distributions, centered at Ωm = 0.3 and As = 2.1×109, and a half-normal distribution
centered at Mν = 0.06 eV,
9 and extend to larger values (with the prior knowledge of minimum
mass sum), with standard deviations of 15%, 15%, and 20%, respectively, roughly covering
the estimated error size of on-going and near-future cosmological surveys, such as the Dark
Energy Survey, Hyper Suprime-Cam, LSST, WFIRST, Euclid, Simons Observatory, and
CMB-S4.
We set the fiducial model to be Mν = 0.1 eV, Ωm = 0.3, and As = 2.1×109. In addition
to the 100 massive neutrino models, we also run one additional simulation with zero neutrino
mass (while keeping Ωm and As at the fiducial model). The sampled points (100 massive
models + 1 massless model) are shown in Fig. 1 and listed in Table 1. The two fiducial
models are marked in red in the figure, and labeled as “1a” and “1b” in the table.
3 The simulations
Previously, several groups have performed simulations using a separate particle species to
describe neutrinos [e.g. 38–42]. This method is automatically able to capture the full nonlin-
ear neutrino clustering. However, the neutrino fluid is discretized, which causes particle shot
noise, with power Pshot(k) = N
−1/2
p , where Np is the number of particles per k bin. This
shot noise can swamp the true neutrino power Pν , especially at higher redshifts where neu-
trino clustering is smaller. The shot noise can only be reduced by increasing the number of
neutrino particles. However, the resulting computational cost quickly becomes prohibitive10.
In addition, particle simulations struggle to include relativistic neutrino effects, which for
low neutrino masses are relevant at early times, z & 25, and cannot easily account for the
neutrino hierarchy (although see [43]).
Our simulations treat neutrinos as originally laid out in AB13. The core insight is that,
although the CDM density is highly nonlinear, neutrino perturbations are suppressed by their
8https://pypi.python.org/pypi/lenstools/
9Note that we use Mν = 0.06 eV as the center of the half-normal distribution, instead of 0.1 eV as in the
fiducial model, in order to cover the minimum value for Mν .
10For example, the largest particle-based neutrino simulation to-date, the TianNu simulation (2.97 trillion
particles) used more than 17 million core-hour [42].
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Figure 1: The design of cosmological parameter sampling for our simulations (100 massive
+ 1 massless neutrino models in total). The two fiducial models (Mν=0.0 eV and 0.1 eV,
Ωm=0.3, As=2.1×109) are marked in red. All parameter values are listed in Table 1. A flat
universe (ΩΛ + Ωm = 1) is assumed. The other cosmological parameters are fixed at h=0.7,
ns=0.97, Ωb=0.046, and w=−1.
free-streaming. They can thus still be described using linear perturbation theory, provided
their clustering is sourced by the full nonlinear CDM density. AB13 showed the total matter
power spectrum using this approximation agreed with particle simulations at the level of
0.1% in the k range covered in this work. An advantage of this method is that neutrinos
do not require a separate particle species. The computational and memory requirements
for a massive neutrino simulation are thus almost identical to those for a CDM simulation.
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Furthermore, they do not suffer from particle shot noise. The main deficiency is that the
neutrino power spectrum on small scales is not followed accurately. However, in this work we
are interested in observable properties of the total matter and so the linear response method
of AB13 is sufficient.
Further improvements in accuracy can be realized by “hybrid” methods, where the linear
portion of the neutrinos is treated perturbatively and the nonlinear portion via particles [44,
B17]. This is necessary to, e.g. study the wake effect between neutrinos and CDM [45].
Finally, yet another class of neutrino simulation methods are those which treat the neutrinos
as a fluid with an artificial pressure, which mimics the suppression of structure caused by
their peculiar velocities [46, 47]. However, the need to estimate a pressure term means that
these methods are currently too slow to be useful in simulation suites such as ours.
3.1 Initial conditions
We generate our initial conditions (ICs) using a modified version of the ICs generator
N-GenIC [48], S-GenIC11, which allows us to include the radiation contribution correctly
as well as massive neutrinos in Fourier space. It computes the factor between initial veloc-
ity and initial displacement by solving the growth equations exactly, rather than using an
approximation.
We first generate the linear matter power spectrum at z=99 using the Boltzmann code
CAMB12. We use the average transfer functions of CDM and baryons weighted by their respec-
tive density. A regular particle grid of collisionless CDM particles is then perturbed, where
particle displacements are computed using the Zel’dovich approximation [49]. Our ICs are at
a sufficiently high redshift that the growth is linear and the effect of second-order Lagrangian
perturbations is negligible.
For all models, we use the same seed to generate the ICs, i.e. all simulations start with
the same phase. This choice allows us to minimize the noise from cosmic variance when
comparing two models, and also makes it possible to search for matching halos in different
models.
3.2 N-body simulations
We use a modified version of the public tree-Particle Mesh (tree-PM) code Gadget-213 [48],
with a neutrino patch. The background density of neutrinos includes a relativistic correction,
smoothly interpolating between a−3 and a−4. The Fourier method to capture the massive
neutrino perturbations is derived and described in detail in AB13 and B17. Here we describe
briefly the simulation steps.
(1) At each time step, we evolve the particle positions with the tree-PM code. We then
evaluate the particle density in Fourier space and compute the CDM power spectrum, which
we use as a source term for neutrino clustering.
(2) Pν is then evaluated by integrating the displacement of a neutrino geodesic by the
total matter potential, including components stored from all past timesteps (see eq. 63 in
AB13). This is similar to the perturbation theory calculation done in Boltzmann codes [50],
but using the nonlinear CDM matter power as a source term.
(3) The force from the neutrino over-density is added to the gravitational potential
at each timestep. As we only computed the neutrino power spectrum, we assume that the
11https://github.com/sbird/S-GenIC
12http://camb.info
13http://www.gadgetcode.org
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Fourier phases of the neutrinos are identical to those of the CDM. Using particle simulations,
B17 have confirmed that this is a good approximation.
(4) The total matter over-density δm = ρm/〈ρm〉 − 1, where 〈ρm〉 is the mean matter
density, is then evaluated as
δm(k, t) = (1− fν)δc+b(k, t) + fνδν(k, t), where (3.1)
fν =
Ων
Ωm
=
1
Ωmh2
Mν
93.14 eV
(3.2)
Our resolution is 10243 particles with box size 512 Mpc/h, corresponding to a mass
resolution of ≈ 1010M/h. We run one box per model, with periodic boundary conditions.
Snapshots are output continuously every 180 Mpc (or 126 Mpc/h), from z=45 to z=0. The
choice of the highest redshift z=45 is determined by requiring that the redshift range covers
99% of the structure growth weighted by the CMB lensing kernel, where we use the linear
growth factor D(z) ∼ a. We do not include any relativistic corrections in our method, which
only make sub-percent differences on very large scales (k < 0.005h/Mpc) [41], and are hence
irrelevant to our simulations with kmin ≈ 0.01h/Mpc.
4 Matter power spectrum
We show the matter power spectra Pm(k) of the two fiducial models at z = 0 in Fig. 2. In the
upper panel, we compare the simulations with linear theory, and find excellent agreement on
linear scales (k ≤ 0.2h/Mpc). The difference on small scales is due to nonlinear growth. In
the lower panel, we show the fractional difference between the massive and massless fiducial
models for the simulations, linear theory, and two versions of Halofit ([22] and [21], both
based on the original version from [20]). Again, we see good agreement of all curves on large
scales. On small scales, the nonlinear suppression due to massive neutrinos is clearly seen
(for example, an extra 1–2% fractional suppression at k = 1h/Mpc compared with linear
theory). The discrepancy between the Halofit models cautions us that these models have
limited accuracy at present.
As a convergence test, we also run two additional simulations for the massive and
massless fiducial models, but with a higher resolution of 10243 particles and a 256 Mpc/h
box size (the same number of particles, but half the box size of our fiducial runs). We
show the matter power spectrum difference measured from these two runs, labeled as “higher
res.”, in the lower panel of Fig. 2 (their Pm are not shown in the upper panel, as they are
indistinguishable by eye from the fiducial runs). We see good agreement between our fiducial
runs and the higher resolution runs for k=0.01–10 h/Mpc.
With continuous redshift outputs from our simulations, we can also see the interesting
redshift evolution of the power suppression (P 0.1eVm /P
0eV
m − 1), shown in Fig. 3. On linear
scales, the suppression becomes larger as the redshift decreases. On nonlinear scales, we
see the shift of the minimum of the “spoon” shape [22, 36, 38, 43, 51, 52] from around
k = 6h/Mpc at z > 10 to k = 1h/Mpc at z = 0. The spoon shape is not captured in linear
theory, but can be understood using the halo model [53]. In this k range, the matter power
spectrum receives contributions mostly from the 1-halo term, which describes the clustering
of matter within a single halo. The k-range that a halo can impact depends on its size, and
hence its mass, because it can not contribute to scales larger than its size. The upturn at
high k means the small halos are less impacted by massive neutrinos, which is also apparent
in Fig. 5 (see discussion in the next section on the halo mass function). The minimum of
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Figure 2: Upper: the matter power spectra for the fiducial models, where Ωm=0.3,
As=2.1×109, and Mν = 0.1 eV (massive, solid curves) and 0 eV (massless, dashed curves).
Other cosmological parameters are fixed at h=0.7, ns=0.97, Ωb=0.046 and w=−1. The
simulations (green curves) have 10243 DM particles and box size 512 h/Mpc. We also show
the theory curves from linear theory for comparison (black curves). Lower: the fractional
difference between the Pm of the massive model and that of the massless model, i.e., the
suppression due to massive neutrinos, measured in our simulations (green solid curves) and
compared with linear theory (black solid curves) and two versions of Halofit (dashed curves).
We also show additional higher-resolution runs, with the same number of particles but half
the box size (labeled as “higher res.”, brown solid curve). The dashed vertical lines denote
the approximate division between linear and nonlinear scales.
the spoon corresponds to the size of the most massive halos, which are less abundant in the
presence of massive neutrinos. The shift of the minimum to smaller k towards z = 0 is due
to the hierarchical structure formation, where larger halos contributing to this k range form
only at low redshifts.
In addition, we show the difference between all massive models from the massless fiducial
model in Fig. 4. We compare the measured Pm from simulations (solid curves) to that from
linear theory (dashed curves), and find excellent agreement for all models on large scales. The
actual shape for each model depends on the interplay of all three input parameters (shown
in the labels).
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Figure 3: Evolution of the suppression of the matter power spectrum due to massive
neutrinos of 0.1 eV, measured in our simulations. The “spoon” shape seen in the nonlinear
regime is directly linked to the change in the halo mass function.
5 Halo catalogue and merger trees
We generate halo catalogues for each snapshot for all 101 cosmological models, using the
public halo finder code Rockstar14 [54]. Rockstar uses a friends-of-friends-based algorithm,
where particles physically nearby are first identified and grouped. Substructures are then
searched for within the parent halos. The code has the advantage of using all six phase-
space (position and velocity) dimensions and one temporal dimension. Our boxes are output
densely in the redshift dimension (≈ 70 redshifts per model from z = 45 to z = 0), hence
the inclusion of the temporal information in the halo finder ensures the consistency of halo
properties across all time steps. It also reduces the parent halo–subhalo ambiguity in major
mergers normally faced by halo finders that only operate on single snapshots.
We record the standard halo properties, including, for example, the halo mass Mvir,
radius rvir, maximum circular velocity, velocity dispersion, position, velocity, spin [55], and
shape (ratios of the principal axes). Descriptions are included in the header of each halo
catalogue file. The minimal halo mass recovered in our simulations is ≈ 1011M. We note
that, because the massive neutrinos are computed analytically and because the halo finder
can only search for CDM particles, the halo mass in our catalogues omits the contribution
from neutrinos. We expect this to have a negligible effect because only a relatively small
14https://bitbucket.org/gfcstanford/rockstar
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Figure 4: The difference of the matter power spectra of massive models from the massless
fiducial model (z=0), shown for both simulations (solid curves) and linear theory (dashed
curves). Parameters are listed in Table 1.
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Figure 4: (Cont.) The difference of the matter power spectra of massive models from the
massless fiducial model (z=0), shown for both simulations (solid curves) and linear theory
(dashed curves). Parameters are listed in Table 1.
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Figure 5: Upper: the halo mass function for the the fiducial models, where Ωm = 0.3,
As = 2.1 × 109, and Mν = 0.1 eV (massive) and 0 eV (massless). The other cosmological
parameters are fixed at h = 0.7, ns = 0.97, Ωb = 0.046, and w = −1. We also show the
fitting function from Tinker et al. (2010) [56]. Lower: fractional difference between the halo
mass function in the massive neutrino model and the massless model.
fraction of neutrinos are bound to massive halos, while a majority remain weakly clustered
(see discussion in AB13).
We show the halo mass functions from our fiducial simulations for the z = 0 snapshot
in Fig. 5, compared with the fitting formula from Tinker et al. (2010) [56], where we use the
nonlinear matter power spectrum from the Halofit model [20, 21] to calculate the matter
variance (see Eq. 3 in [56]). The number density of halos of mass > 1014M is lower in
our simulation than in the fitting formula, likely due to our limited box size. In the lower
panel, we show the fractional difference between the halo mass function of a massive neutrino
model and that of the massless neutrino model, and find excellent agreement between our
simulations and the fitting formula. While low-mass halos are less impacted by the massive
neutrinos (0.1 eV), the number of high-mass (> a few ×1014M) halos is reduced by 10–
20%. Because massive neutrinos smooth the small-scale density field, the number of rare
high-density peaks is suppressed as a result. This directly causes the spoon shape and its
evolution seen in Fig. 3. This effect is similar to a massless neutrino model that has a smaller
value of σ8, although the effects are not exactly degenerate, as discussed in [57].
– 12 –
Next, we create merger trees using the public code Consistent Tree15 [58], a com-
panion code to Rockstar. Similarly, it takes advantage of temporal information to secure
the consistency of halo properties across multiple time steps. Consistent Tree first takes
the traditional method of finding common particles to match progenitors and descendants
in consecutive snapshots. It then makes the assumption that each descendant must have a
progenitor (except for when the progenitor mass falls below the mass resolution), and traces
back in time to find the best-matching progenitor by evolving gravity backwards. When
progenitors are missing in an intermediate time step, often due to their close passage near
the center of its host halo (therefore mis-identified as a part of the host halo), Consistent
Tree creates the halo and assigns properties interpolated using the information from adjacent
time steps.
We show an example of the merger history of a Mvir = 10
14.5M halo in Fig. 6, in both
the massive and massless fiducial simulations. Because we use the same seed to generate the
initial conditions for all models, we can match the same halos across simulations based on
their mass and position. This is more reliable for very massive halos, since small halos may
be destroyed in some models. We see many clearly matching branches in both simulations,
especially for all the major branches where the most massive progenitors (> 1012.5M, solid
circles) are formed. However, some branches may only exist in one of the models; for example,
the outer-left-most branch in the massless simulation.
6 Lensing convergence maps
Weak gravitational lensing by large-scale structure is a promising cosmological probe. Com-
pared to other cosmological probes, which typically observe the baryon distribution and then
infer the underlying DM distribution, weak lensing has the advantage of probing the DM
clustering directly. Photons emitted at cosmological distances are deflected by the inter-
vening matter. As a result, we see a distorted image of the source. Lensed galaxies are
magnified in brightness and distorted (“sheared”) from their intrinsic shape (see a recent
review by [59]). Lensing distortions produce non-Gaussianity in CMB maps of temperature
and polarization anisotropies (see a recent review by [60]). Statistical measurements of CMB
lensing [e.g. 61–65] and galaxy weak lensing [e.g. 66–70] have been achieved recently, and are
now advancing to become a major tool for precision cosmology.
To lowest order, the lensing convergence κ is a projection of the three-dimensional
matter over-density δm along the line-of-sight, weighted by the lensing kernel W (z), which
describes the efficiency of lenses at each redshift in deflecting the source light. Under the Born
approximation [71–74], where photons are assumed to travel along unperturbed geodesics
x = χ(z)θ, we can write,
κ(θ) =
∫ ∞
0
dzW (z)δ(χ(z)θ, z), where (6.1)
W (z) =
3
2
ΩmH
2
0
(1 + z)
H(z)
χ(z)
c
×
∫ ∞
z
dzs
dn(zs)
dzs
χ(zs)− χ(z)
χ(zs)
(6.2)
where χ(z) is the comoving distance, θ is the angular position, zs is the source redshift, and
dn(zs)/dzs is the redshift distribution of the sources and is a delta function at zs = 1100
for the CMB. Ref. [74] showed that the Born approximation is sufficient to describe the
15https://bitbucket.org/pbehroozi/consistent-trees
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Figure 6: Example of the merger tree for aMvir = 10
14.5M halo, in the massive (green) and
massless (orange) fiducial simulations. X is the projected halo position on the (comoving)
x-axis, and Xroot is the final position of the halo in the z=0 snapshot. Massive halos (>
1012.5M) are marked by solid circles, with size corresponding to the halo mass.
lensing convergence power spectrum, but breaks down at higher orders. Therefore, ray-
tracing simulations, such as done in this work, are necessary to capture the full statistics of
the lensing field.
To generate lensing convergence maps, we first slice the simulation boxes to create
density planes, and then ray-trace through the planes from z = 0 to the source redshifts.
We use the public code LensTools [37] for both lens plane construction and ray-tracing. We
describe in detail our procedure below.
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Figure 7: Lensing kernels (eq. 6.2) for all five source planes, located at zs = 1.0, 1.5, 2.0, 2.5,
and 1100. They describe the sources’ sensitivity to the intervening matter fluctuations as a
function of redshift. The curves are rescaled for clarity.
6.1 Density planes and ray-tracing
For each snapshot, we cut the box into 4 planes, each with (comoving) thickness 180 Mpc,
equal to the output interval between snapshots (or 126 Mpc/h, compared to the box size of
512 Mpc/h). Applying this to all three dimensions, we are able to generate 12 planes per
snapshot. Particles in each plane are projected on to a two-dimensional CDM density plane.
To get the total matter density, we add the neutrino component following Eq. 3.1, using the
Pν computed from the simulation and assuming the same Fourier phases for neutrinos and
CDM particles. The gravitational potential is then calculated using the Poisson equation.
Next, we shoot 40962 regularly spaced light rays from the center of the z = 0 plane
backwards in time, spreading over a 3.5×3.5 deg2 solid angle, and track the trajectories of
each light ray until the source plane. Light rays travel in straight lines between planes, and
are deflected at each plane. The deflection angle and convergence are calculated at each
plane, following [71, 75] (see Fig. 1 of [71] for a clear illustration). During this procedure, it
is never assumed that the deflection angle is small or that the light rays follow unperturbed
geodesics. Therefore, our convergence maps can be used to test the so-called “post-Born”
corrections [72–74]. We ray-trace to five different source planes: zs = 1.0, 1.5, 2.0, 2.5 for
galaxy lensing, and zs = 1100 for CMB lensing. The lensing kernels (eq. 6.2) for all our
source planes are shown in Fig. 7, and are rescaled for clarity.
6.2 Galaxy and CMB lensing convergence maps
We generate 1,000 convergence (κ) map realizations per source redshift, for each cosmology,
by randomly rotating and shifting the potential planes. Ref. [76] has demonstrated that one
N -body simulation is sufficient to generate few×104 statistically independent realizations.
The κ maps are 20482 pixels and 3.52=12.5 deg2 in size, with square pixels of side length
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Figure 8: Sample κ (lensing convergence) maps from the fiducial massless-neutrino model
for galaxy sources at zs = 2 (upper left) and the CMB (lower left), and corresponding
differences between the massive and massless models (right panels). Similar features are
seen in both κ maps due to their overlapping lensing kernels. Correlations can also be seen
between the difference maps and their corresponding κ maps at left.
0.1025 arcmin. We do not include observational noise in our simulated maps, from for
example galaxy shape noise or CMB detector noise. The noise contributions should be
modeled for specific survey designs. For example, galaxy shape noise can be assumed to
follow a Gaussian distribution, with a width related to the telescope’s point spread function
and observed galaxy number density. CMB lensing reconstruction noise from the primordial
CMB, detectors, atmosphere, and foregrounds can be included using public tools such as
Quicklens16.
We show one κ map realization in the massless-neutrino fiducial model, for source
redshifts zs = 2 and zs = 1100 in the upper- and lower-left panels of Fig. 8, respectively. We
do not show the corresponding κ maps for the massive-neutrino fiducial model as they look
almost identical to the massless maps. Instead, we show the difference between the κ maps
for the massive and massless models in the right panels. Similar features are seen in both
the galaxy and CMB κ maps, due to the overlapping kernels of both maps. The difference
16https://github.com/dhanson/quicklens
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Figure 9: Upper: Convergence power spectra (Pκ) for the fiducial massless-neutrino model
using five source redshifts measured from our simulations (solid curves), compared with the
Halofit fitting formula from [20] and [21] (dashed curves). The massive-neutrino fiducial
model power spectra are not shown for clarity, as they are very similar to the massless ones.
Lower: The fractional difference of the massive-model Pκ from the massless-model Pκ, for
each source redshift, for both the simulations (solid curves) and the Halofit model (dashed
curves). Each simulation Pκ is averaged over 1000 realizations.
maps in the right panels also show hints of correlations with their corresponding κ maps. For
example, there appears to be a mild excess in void regions.
We show the convergence power spectra Pκ(`) for the massless fiducial model measured
from our simulations (solid curves) and that predicted by the Halofit model [20, 21] (dashed
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curves) in the upper panel of Fig. 9. The deficit of power in the simulation at high ` is due
to our limited resolution, and is worse at lower source redshifts, as the same physical object
extends over a larger angular scale when closer. There is also a small deficit at low ` due
to the finite box size. The suppression in Pκ(`) due to massive 0.1 eV neutrinos is shown in
the lower panel, again for both simulations (solid curves) and the Halofit model (dashed
curves). We see a general agreement with Halofit, with small discrepancies, likely due to
the intrinsic difference between our matter power spectra as seen in Fig. 2.
While our κ maps are relatively small in size (12.25 deg2), they can be very useful to
study structure growth in the nonlinear (or non-Gaussian) regime, which is more prominent
on small scales. Previous analyses of non-Gaussian statistics for galaxy weak lensing surveys
have shown that there is comparable information in higher-order statistics, such as peak
counts, Minkowski Functionals, and higher-order moments, compared to that in the power
spectrum [e.g. 77–83]. Forecasts of non-Gaussian statistics for CMB lensing have also shown
useful constraining power when combined with the power spectrum [e.g. 84, 85], although
smaller than for galaxy weak lensing surveys due to the higher source redshift in CMB lensing.
In addition, as we use the same seed to generate each realization for all source redshifts,
our κ maps for the five source redshifts (see Fig. 7) are correlated. This is particularly useful
for studying lensing tomography, as well as the cross-correlation between different zs maps.
Our maps are also useful for constructing the off-diagonal components of covariance matrices
of all the auto- and cross-correlations.
7 Summary
We release a large suite of cosmological massive neutrino simulations, “MassiveNuS”, includ-
ing 100 massive neutrino models + 1 massless model. We correctly capture the background
expansion as neutrinos turn from relativistic to non-relativistic, as well as the growth of
neutrino clustering in response to the nonlinear matter growth. We include 3 varying pa-
rameters: the neutrino mass sum Mν (ranging from 0 to 0.6 eV), matter density Ωm, and
primordial power spectrum amplitude As.
Our simulations have continuous outputs of snapshots between z = 45 and z = 0 (every
126 comoving Mpc/h). Our data products include:
1. 67 snapshots (10243 particles, 512 Mpc/h) each for the two fiducial models (section 3),
with position and velocity information;
2. halo catalogues, including ≈ 65 files for each of the 101 models and around three million
halos at z=0, complete down to minimal halo mass ≈ 1011.5M (section 5);
3. merger trees for each of the 101 models (section 5);
4. lensing convergence maps (12.25 deg2, 0.1 arcmin resolution) for four source redshifts
zs = 1, 1.5, 2, 2.5 (section 6);
5. lensing convergence maps (12.25 deg2, 0.1 arcmin resolution) for the CMB (section 6).
Our simulations can be used for a wide range of studies related to massive neutrinos,
including the growth of structure, galaxy formation history, weak lensing tomography, cross-
correlations, covariance matrices, and non-Gaussian statistics, just to name a few. The
simulation products are made publicly available at http://columbialensing.org through
the Skies & Universe Project17.
17http://skiesanduniverses.org
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Model Mν (eV) Ωm 10
9As σ8
1a 0.00000 0.3000 2.1000 0.8523
1b 0.10000 0.3000 2.1000 0.8295
2 0.06271 0.3815 2.2004 1.0135
3 0.06522 0.2821 1.8826 0.7563
4 0.06773 0.4159 1.6231 0.9171
5 0.07024 0.2023 2.3075 0.6231
6 0.07275 0.3283 2.2883 0.9324
7 0.07526 0.3355 1.5659 0.7828
8 0.07778 0.2597 2.4333 0.8008
9 0.08030 0.2783 2.3824 0.8382
10 0.08282 0.2758 1.8292 0.7285
11 0.08535 0.3132 1.9913 0.8378
12 0.08788 0.2926 1.7376 0.7429
13 0.09041 0.2845 2.1757 0.8126
14 0.09295 0.3155 2.4949 0.9411
15 0.09550 0.3590 2.4624 1.0231
16 0.09805 0.3006 1.9744 0.8059
17 0.10061 0.2796 2.0161 0.7690
18 0.10318 0.3977 2.2607 1.0456
19 0.10575 0.3051 1.9117 0.8004
20 0.10833 0.2833 2.3595 0.8385
21 0.11092 0.3763 2.0404 0.9574
22 0.11351 0.1841 1.7932 0.4885
23 0.11612 0.3085 1.8056 0.7821
24 0.11874 0.3143 2.0079 0.8358
25 0.12136 0.3457 1.9483 0.8811
26 0.12400 0.3028 2.3174 0.8714
27 0.12665 0.2704 1.9658 0.7324
28 0.12931 0.2983 2.2342 0.8445
29 0.13198 0.2543 1.2886 0.5618
30 0.13467 0.3438 2.0324 0.8934
31 0.13737 0.3564 1.6678 0.8292
32 0.14008 0.3040 2.1198 0.8318
33 0.14281 0.3167 2.1596 0.8656
34 0.14556 0.2689 2.1839 0.7635
35 0.14832 0.2613 1.8724 0.6891
36 0.15110 0.3518 2.2429 0.9494
37 0.15389 0.3120 2.0484 0.8307
38 0.15671 0.2579 2.1356 0.7256
39 0.15954 0.2319 1.8620 0.6145
40 0.16240 0.3311 2.1039 0.8779
41 0.16527 0.3062 2.2171 0.8490
42 0.16817 0.2675 1.9211 0.7072
43 0.17109 0.3074 2.4475 0.8931
44 0.17404 0.3204 2.0564 0.8444
45 0.17701 0.2524 2.0644 0.6944
46 0.18001 0.2994 1.6465 0.7156
47 0.18303 0.3387 2.0243 0.8705
48 0.18608 0.2717 2.5322 0.8178
49 0.18917 0.3371 2.5769 0.9770
50 0.19228 0.2562 2.2517 0.7308
51 0.19543 0.3242 1.9022 0.8143
52 0.19861 0.2281 1.6872 0.5664
53 0.20183 0.2460 2.5535 0.7474
54 0.20508 0.2949 2.0961 0.7912
55 0.20837 0.2938 2.2978 0.8250
56 0.21171 0.3192 2.9114 0.9905
57 0.21508 0.2770 1.5292 0.6394
58 0.21851 0.2903 1.9303 0.7464
59 0.22198 0.3230 1.9393 0.8133
60 0.22550 0.3296 2.4068 0.9192
61 0.22907 0.3648 2.3276 0.9720
62 0.23270 0.3476 1.4826 0.7488
63 0.23638 0.3882 2.1921 0.9827
64 0.24013 0.2482 2.3944 0.7188
65 0.24394 0.2880 2.3708 0.8523
66 0.24782 0.3179 2.2789 0.8643
67 0.25177 0.2660 1.9571 0.6891
68 0.25580 0.2436 2.1436 0.6641
69 0.25991 0.2960 2.6708 0.8800
70 0.26411 0.3421 2.4781 0.9486
71 0.26840 0.3017 2.1118 0.7927
72 0.27278 0.2915 1.7219 0.6946
73 0.27728 0.3256 2.0802 0.8337
74 0.28188 0.2744 2.2087 0.7446
75 0.28661 0.2629 1.8405 0.6528
76 0.29147 0.3108 2.2697 0.8359
77 0.29647 0.2352 1.8176 0.5813
78 0.30162 0.2185 2.4198 0.6205
79 0.30694 0.3681 2.5128 0.9964
80 0.31244 0.2118 2.6341 0.6234
81 0.31814 0.2504 2.0882 0.6564
82 0.32406 0.3340 1.7525 0.7701
83 0.33021 0.3325 1.9996 0.8184
84 0.33664 0.2892 2.1277 0.7508
85 0.34337 0.2410 2.2256 0.6462
86 0.35044 0.2645 2.1676 0.6958
87 0.35789 0.3496 1.7802 0.7965
88 0.36578 0.2808 1.7051 0.6483
89 0.37417 0.2972 2.7836 0.8684
90 0.38317 0.2857 1.4164 0.5964
91 0.39287 0.2731 1.8925 0.6595
92 0.40343 0.3540 1.5966 0.7521
93 0.41504 0.3097 2.3486 0.8157
94 0.42800 0.2868 2.0723 0.7132
95 0.44273 0.3269 2.6034 0.8913
96 0.45988 0.2237 1.7667 0.5066
97 0.48062 0.3403 2.1516 0.8287
98 0.50723 0.2383 2.7174 0.6595
99 0.54543 0.3617 2.3380 0.8916
100 0.62036 0.3217 1.9829 0.7283
Table 1: Cosmological parameters for our simulations. A flat universe (ΩΛ + Ωm = 1) is
assumed. Other parameters are fixed at h = 0.7, ns = 0.97, Ωb = 0.046, and w = −1. All
points are visualized in Fig. 1.
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